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Abstract. We show that if G x M — > Af is a cohomogeneity one action of 
a compact connected Lie group G on a compact connected manifold M then 
Hq(M) is a Cohen-Macaulay module over H*{BG). Moreover, this module is 
free if and only if the rank of at least one isotropy group is equal to rank G. We 
deduce as corollaries several results concerning the usual (de Rham) cohomol- 
ogy of M, such as the following obstruction to the existence of a cohomogeneity 
one action: if M admits a cohomogeneity one action, then x(^) > if and 
only if H°'^-^{M) = {0}. 



1. Introduction 

Let G be a compact connected Lie group which acts on a compact connected 
manifold M, the cohomogeneity of the action being equal to one; this means that 
there exists a G-orbit whose codimension in M is equal to one. For such group 
actions, we investigate the corresponding equivariant cohomology Hq{M) (the co- 
efficient ring will always be R). We are especially interested in the natural H*{BG)- 
module structure of this space. The first natural question concerning this module 
is whether it is free, in other words, whether the G-action is equivariantly formal. 
One can easily find examples which show that the answer is in general negative. 
Instead of being free, we may also wonder whether the above-mentioned module 
satisfies the (weaker) requirement of being Cohen-Macaulay. It turns out that the 
answer is in our context always positive: this is the main result of our paper. Be- 
fore stating it, we mention that the relevance of the Cohen-Macaulay condition in 
equivariant cohomology was for the first time noticed by Bredon [9], inspired by 
Atiyah p], who had previously used this notion in equivariant if-theory. It has 
also attracted attention in the theory of equivariant cohomology of finite group 
actions, see e.g. [13]. More recently, group actions whose equivariant cohomology 
satisfies this requirement have been investigated in [T5], [12], and [TH]- We adopt 
the terminology already used in those papers: if a group G acts on a space M in 
such a way that Hq{M) is a Cohen-Macaulay i/*(i3G)-module, we simply say that 
the G-action is Cohen-Macaulay. 

Theorem 1.1. Any cohomogeneity one action of a compact connected Lie group 
on a compact connected manifold is Cohen-Macaulay. 

Concretely, if the group action is G x M M, then the (KruU) dimension and 
the depth of Hq{M) over H*{BG) are equal. In fact, we can say exactly what the 
value of these two numbers is: the highest rank of a G-isotropy group. 

To put our theorem into perspective, we mention the following result, which has 
been proved in [TS]: an action of a compact connected Lie group on a compact 
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manifold with the property that aU isotropy groups have the same rank is Cohen- 
Macaulay. Consequently, if the G-action is transitive, then it is Cohen-Macaulay 
(see also Proposition 12.61 and Remark 12.81 below) . We deduce: 

Corollary 1.2. Any action of a compact connected Lie group on a compact con- 
nected manifold whose cohomogeneity is zero or one is Cohen-Macaulay. 

We also note that aetions of eohomogeneity two or larger are not necessarily 
Cohen-Macaulay: examples already appear in the classification of T^-actions on 
4-manifolds by Orlik and Raymond [39 , see Example 14.31 in this paper. 

In general, a group action is equivariantly formal if and only if it is Cohen- 
Macaulay and the rank of at least one isotropy group is maximal, i.e. equal to the 
rank of the acting group (cf. 18 , see also Proposition l2.9l below). This immediately 
implies the following characterization of equivariant formality for cohomogeneity 
one actions: 

Corollary 1.3. A cohomogeneity one action of a compact connected Lie group on 
a compact connected manifold is equivariantly formal if and only if the rank of at 
least one isotropy group is maximal. 

Corollary 11.31 shows that the cohomogeneity one action G x — A/ is equiv- 
ariantly formal whenever M satisfies the purely topological condition x(M) > 
(indeed, it is known that this inequality implies the condition on the rank of the 
isotropy groups in Corollarv ll.3p . Extensive lists of cohomogeneity one actions on 
manifolds with positive Euler characteristic can be found for instance in [3] and 
[15] . The above observation will be used to obtain the following obstruction to the 
existence of a group action on M of cohomogeneity zero or one. 

Corollary 1.4. // a compact manifold M admits a cohomogeneity one action of a 
compact Lie group, then we have x(M) > if and only if H°'^'^{M) = {0}. 

This topic is addressed in Subsection 15.1.11 below. We also mention that, if M 
is as in Corollary [L4l then x(M) > implies that 7ri(Af) is finite, see Lemma [5751 
By classical results of Hopf and Samelson pO] , respectively Borel , the fact that 
x{M) > implies both H°'^'^{M) = {0} and the finiteness of 7ri(M) holds true also 
in the case when M admits an action of a compact Lie group which is transitive, 
i.e. of cohomogeneity equal to zero. This shows, for example, that there is no 
compact connected Lie group action with cohomogeneity zero or one on a compact 
manifold with the rational homology type of the connected sum {S^ xS^)4f{S'^xS'^). 
However, the 4-manifold i?(l, 0) of Orlik and Raymond ^39| mentioned in Example 
14.31 is homeomorphic to this connected sum and has a T^-action of cohomogeneity 
two. Thus, the equivalence of x(Af) > and H°'^'^{M) — {0} holds no longer for 
group actions with cohomogeneity greater than one. 

It should be noted that CoroUarv ll.ll is not a new result, as it follows also from 
a result of Grove and Halperin f2? about the rational homotopy of cohomogeneity 
one actions, see Remark 15.41 below. 

The situation when M is odd-dimensional is discussed in Subsection 15.21 In this 
case, equivariant formality is equivalent to rankiJ = rankG, where H denotes a 
regular isotropy of the G-action. We obtain a relation involving dim i?*(M), the 
Euler characteristic oiG/H and the Weyl group W of the cohomogeneity one action: 
see CoroUarv 15.131 This will enable us to obtain some results for cohomogeneity 
one actions on odd-dimensional rational homology spheres. 
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Finally, in Subsection l5.3l we show that for a cohomogeneity one action G x A/ ^■ 
M, the H*{BG)-modu\e Hq{M) is torsion free if and only if it is free. We note 
that the latter equivalence is in general not true for arbitrary group actions: this 
topic is investigated in [1] and |17) . 

Acknowledgement. We would like to thank Wolfgang Ziller for some valuable 
comments on a previous version of this paper. 

2. EQUIVARIANTLY formal and COHEN-MACAULAY GROUP ACTIONS 

Let G X M ^ M be a differentiable group action, where both the Lie group G 
and the manifold M are compact. The equi variant cohomology ring is defined in 
the usual way, by using the classifying principal G bundle EG — ?> BG, as follows: 
Hq{M) = H*{EGxgM). It has a canonical structure of _ff*(_BG)-algebra, induced 
by the ring homomorphism tt* : H*{BG) H^{M), where tt : EG Xq A/ — > BG 
is the canonical map (cf. e.g. (31] Ch. Ill] or [24, Appendix C]). We say that the 
group action is equivariantly formal if Hq{M) regarded as an _ff*(_BG)-module is 
free. 

There is also a relative notion of equivariant cohomology: if A is a G-invariant 
submanifold of M, then we define iJ* (M, A) = H*{EG xq M,EG Xq A). This 
cohomology carries again an iJ*(i?G)-module structure, this time induced by the 
map H*{BG) H^{M) and the cup product H^{M) x H^{M, A) -J> H^{M, A); 
see [El p. 178]. 

2.1. Criteria for equivariant formality. The following result is known. We 
state it for future reference and sketch a proof for the reader's convenience. It also 
involves T, which is a maximal torus of G. 

Proposition 2.1. // a compact connected Lie group G acts on a compact manifold 
M , then the following statements are equivalent: 

(a) The G-action on M is equivariantly formal. 

(b) We have H^{M) ^ H*{M) ® H*{BG) by an isomorphism of H*{BG)- 
modules. 

(c) The homomorphism i* : Hq{M) — > H*{M) induced by the canonical inclu- 
sion i : M ^ EG Xq M is surjective. In this case, it automatically descends to a 
ring isomorphism K(g)//.(SG) Hq{M) H*{M). 

(d) The T-action on M induced by restriction is equivariantly formal. 

(e) d\mH*{AI) = dimH*{M^), where M'^ is the T -fixed point set. 

Proof. A key ingredient of the proof is the Leray-Serre spectral sequence of the 
bundle M A EG Xg M ^ BG, whose iJa-term is H*{M) ® H*{BG). Both (b) 
and (c) are clearly equivalent to the fact that this spectral sequence collapses at 
i?2- The equivalence to (a) is more involved, see for instance [2j Corollary (4.2.3)]. 
The equivalence to (d) is the content of [24l Proposition C.26]. For the equivalence 
to (e), see [SH p. 46]. □ 

We also mention the following useful criterion for equivariant formality: 

Proposition 2.2. An action of a compact connected Lie group G on a compact 
manifold M with H°'^'^{M) = {0} is automatically equivariantly formal. The con- 
verse implication is true provided that the T -fixed point set M'^ is finite. 
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Proof. If H°'^'^{M) — {0} then the Leray-Serre spectral sequence of the bundle 
ET XT M ^ BT collapses at E2, which is equal to H*{M) ® H*{BT). To prove 
the second assertion we note that the Borel localization theorem implies that the 
kernel of the natural map H^{M) H^{M'^) equals the torsion submodule of 
(M) , which vanishes in the case of an equivariantly formal action. Because M'^ is 
assumed to be finite, H^{M'^) is concentrated only in even degrees. Consequently, 
the same holds true for H^{M), as well as for H*{M), due to the isomorphism 
H^{M) ~ H*{M) (g) H*{BT). □ 

2.2. Cohen-Macaulay modules and group actions. If i? is a graded *local 
Noetherian graded ring, one can associate to any finitely generated graded R- 
module A its Krull dimension, respectively depth (see e.g. (TUl Section 1.5]). We 
always have that depth A < dim A, and if dimension and depth coincide, then we 
say that the finitely-generated graded i?-module A is a Cohen-Macaulay module 
over R. The following result is an effective tool frequently used in this paper; 

Lemma 2.3. IfQ^A^B^C^Qisa short exact sequence 0/ finitely 
generated R-modules, then we have: 

(i) dimi? — max{diniyl,dimC}; 

(ii) depth A > min{depthB, depth C + 1}; 

(iii) depth C > minjdepthA - 1, depth B}. 

Proof. For (i) we refer to ^34l Section 12] and for (ii) and (iii) to [TU'i Proposition 
1.2.9]. □ 

Corollary 2.4. // A and B are Cohen-Macaulay modules over R of the same 
dimension d, then A(B B is again Cohen-Macaulay of dimension d. 

Proof. This follows from Lemma 12.31 applied to the exact sequence — s> A ^ 
A^B^B^Q. □ 

Yet another useful tool will be for us the following lemma, which is the graded 
version of 44, Proposition 12, Section IV. B]. 

Lemma 2.5. Let R and S be two Noetherian graded *local rings and let Lp : R S 
he a homomorphism that makes S into an R-module which is finitely generated. If 
A is a finitely generated S -module, then we have: 

depth jj. A — depthg A and dim/j A = dims A. 

In particular, A is Cohen-Macaulay as R-module if and only if it is Cohen-Macaulay 
as S-module. 

We say that the group action GxAI M is Cohen-Macaulay if Hq (M) regarded 
as H* (i3G')-module is Cohen-Macaulay. The relevance of this notion for the theory 
of equivariant cohomology was for the first time noticed by Bredon in [9 . Other 
references are [16], [18], and [19] . 

The following result gives an example of a Cohen-Macaulay action, which is 
important for this paper. We first note that if G is a compact Lie group and K C G 
a subgroup, then there is a canonical map BK — >■ BG induced by the presentations 
BG = EG/G and BK = EG/K. The ring homomorphism H*{BG) -J> H*(BK) 
makes H*{BK) into an H*{BG)-uiodn\e. 
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Proposition 2.6. Let G be a compact connected Lie group and K C G a Lie sub- 
group, possibly non- connected. Then Hq{G / 1\) = H*{BI'C) is a Cohen- Macaulay 
module over H*{BG) of dimension equal to rank if. 

Proof. The fact that Hq{G/K) — H*{BK) is Cohen-Macaulay is a very special 
case of [m Corollary 4.3] because all isotropy groups of the natural G-action on 
G/ K have the same rank. To find its dimension, we consider the identity component 
Kq of K and note that also H*{BKo) is a Cohen-Macaulay module over H*{BG); 
by Lemma [2?5| the dimension of H*{BKo) over H*{BG) is equal to the (Krull) 
dimension of the (polynomial) ring H*{BKo), which is ranki^o. Let us now observe 
that H*{BK) = H*{BKo)^/^° is a nonzero i?*(BG)-submodule of the Cohen- 
Macaulay module H*{BKo), hence by [T9| Lemma 5.4] (the graded version of [l6l 
Lemma 4.3]), diiRH-iBG) H*{BK) = dim//.(BG) H*{BKo) = rankiCo. □ 

As a byproduct, we can now easily deduce the following result. 

Corollary 2.7. IfG is a (possibly non- connected) compact Lie group, then H*{BG) 
is a Cohen-Macaulay ring. 

Proof. There exists a unitary group U{n) which contains G as a subgroup. By 
Proposition 12. 6[ H*{BG) is a Cohen-Macaulay module over H*{BU{n)). Because 
H* {BG) is Noetherian by a result of Venkov [46] , we can apply Lemma 12.51 and 
conclude that H* (BG) is a Cohen-Macaulay ring. □ 

Remark 2.8. The assertions in Proposition 12.61 and Corollary 12.71 are not new 
and can also be justified as follows. Denote by g the Lie algebra of a com- 
pact Lie group G and by t the Lie algebra of a maximal torus T in G, then 
H*{BG) = 5(0*)'^ = ^(t*)^^^), where W{G) = Ng{T)/Zg{T) is the Weyl group 
of G. (Here we have used the Chern-Weil isomorphism and the Chevalley restriction 
theorem, see e.g. |35l p. 311], respectively [38l Theorem 4.12]). The fact that the 
ring S{i*Y^'''^^ is Cohen-Macaulay follows from ^\ Proposition 13] (see also ^lOl 
Corollary 6.4.6] or [33l Theorem B, p. 176]). Proposition 12.61 is now a direct conse- 
quence of Lemma 12.51 and the well-known fact that the G-equivariant cohomology 
of a compact manifold is a finitely generated iJ*(i?G)-module, see e.g. [42]. 

In general, if a group action GxM M is equivariantly formal, then it is Cohen- 
Macaulay. The next result, which is actually Proposition 2.5 in [18], establishes a 
more precise relationship between these two notions. It also involves 

-A^max := {p <E M : rank Gp = rankG}. 

Proposition 2.9. ([18 ) A G-action on M is equivariantly formal if and only if it 
is Cohen-Macaulay and A/max 7^ 0- 

Note, in particular, that the G-action on G/K mentioned in Proposition 12.61 is 
equivariantly formal if and only if laukK = rankG. 

3. Topology of transitive group actions on spheres 

The following proposition will be needed in the proof of the main result. It col- 
lects results that, in a slightly more particular situation, were obtained by Samelson 
in [13]. 
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Proposition 3.1. Let K be a compact Lie group, possibly non- connected, which 
acts transitively on the sphere S"^ , m > 0, and let H C K be an isotropy subgroup. 

(a) Lf m is even, then vankH — vankK and the canonical homomorphism 
H*{BK) H*{BH) is injective. 

(b) Lf m is odd, then rank LL = rank K — 1 and the canonical homomorphism 
H*{BK) H*{BH) is surjective. 

Proof. In the case when both K and H are connected, the result foUows from P3J 
Satz IV] along with [3 Section 21, Corollaire] and [3 Proposition 28.2]. From now 
on, K or H may be non-connected. We distinguish the following three situations. 
Case 1: m > 2. Let Kq be the identity component of K. The induced action of Kq 
on 5"" is also transitive, because its orbits are open and closed in the if-orbits. We 
deduce that we can identify KQ/{KQnLL) with 5™. Since the latter sphere is simply 
connected, the long exact homotopy sequence of the bundle Kq Ci Lf ^ Kq ^ 5™ 
shows that KqDLL is connected. This implies that KqDLL is equal to Hq, the identity 
component of LI, and we have the identification Kq/Hq = S"\ This implies the 
assertions concerning the ranks. 

Let us now consider the long exact homotopy sequence of the bundle LI — >■ 
K S'™ and deduce from it that the map tto{LL) tto{K) is a bijection. This 
means that H and K have the same number of connected components, thus we 
may set F := K/Kq = LL/Hq. The (free) actions of F on BKq and BHq in- 
duce the identifications BK = BKq/T, respectively BH = BLLq/T (see e.g. [3TJ 
Ch. Ill, Section 1]). Moreover, the map tt : BHq BKq is F-equivariant. 
The induced homomorphism tt* : LL*{BKq) II*{BLLq) is then F-equivariant 
as well, hence it maps F-invariant elements to F-invariant elements. We have 
H*{BH) = H*{BHof and H*(BK) ^ H*{BKaf which shows that if m is even, 
then the map Tr*\H'{BHo)^ '■ H*{BHq)^ — s> H*{BL<q)^ is injectivc. We will now 
show that if m is odd, then the latter map is surjective. Indeed, since tt* is surjec- 
tive, for any b £ LL*{BKo)^ there exists a € H*{BLL(,) with n*{a) = b. But then 
a' :— ^ J2ier^^ II*{BHqY and satisfies 7r*(a') = b. 

Case 2: m — 1. We clearly have rankiJ — lankK — 1 in this case. We only need 
to show that the map II*{BK) — )> H*{BIL) is surjective. Equivalently, using the 
identification with the rings of invariant polynomials |35l p. 311], we will show that 
the restriction map S{i*)^ — S{t)*)^ is surjective. Choosing an Ad/f -invariant 
scalar product on 6, we obtain an orthogonal decomposition 4 = () © Mu, where 
V G i)'^. The Ad-invariance implies that f) is an ideal in i and v a central element. 
Given / G S{^}*)", we define g : i ^ t)®Rv R by giX + tv) = f{X). Clearly, g is 
a polynomial on t that restricts to / on f); for the desired surjectivity we therefore 
only need to show that g is X-invariant. As K/LL = is connected, K is generated 
by its identity component Kq and LI. Note that both the H- and the ifg-action 
respect the decomposition t = f) M.v. The i?-invariance of / therefore implies the 
i?-invariance of g. Also, the adjoint action of 6 on f) is the same as the adjoint 
action of (] (the Rw-summand acts trivially), so / is iiTo-invariant, which implies 
that g is ii'o-invariant. 

Case 3: m — Q. Since ranki/ — rank/C, a maximal torus T d LL is also maximal 
in K. The injectivity of LI*{BK) — > II*{BLL) follows from the identifications 
H*{BK) = 5(t*)^(^), H*{BH) = S{t*)^'^"l 

□ 
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4. COHOMOGENEITY ONE ACTIONS ARE COHEN-MACAULAY 

In this section we prove Theorem ll.il 

There are two possibihties for the orbit space M/G: it can be difleomorphic to 
the circle 5^ or to the interval [0,1]. If M/G = 5^, Theorem 11.11 follows readily 
from \\^ Corollary 4.3] and the fact that all isotropy groups of the G-action are 
conjugate to each other. 

From now on we assume that M/G = [0,1]. We start with some well-known 
considerations which hold true in this case. One can choose a G-invariant Rie- 
mannian metric on M and a geodesic 7 perpendicular to the orbits such that 
G7(0) and G7(l) are the two nonregular orbits, and such that 7(t) is regular for 
all t G (0,1). Let K~ := G-y(o), ■= G^(i), and H be the regular isotropy G^ 
on 7. We have H C . The group diagram G D ^K^ D H determines the 
equivariant diffeomorphism type of the G-manifold M . More precisely, by the slice 
theorem, the boundaries of the unit disks D± in the normal spaces ^'^(o)G7(0), 
respectively v^^i-^G^{l) are spheres /H = S^^ . The space M can be realized by 
gluing the tubular neighborhoods G/K^ Xk± along their common boundary 
G/X± Xk± K^/H = G/H (see e.g. [H Theorem IV.8.2], [23, Section 1] or ^ 
Section 1.1]). We are in a position to prove the main result of the paper in the 
remaining case: 

Proof of Theorem \l.l\ in the case when M/G = [0, 1]. We may assume that the 
rank of any G-isotropy group is at most equal to b := rank if", i.e. we have 

(1) ranki/ < rankX+ < 5. 

By Proposition 13.11 we have vankK" — vankH < 1 and consequently ranki/ G 
{b — 1,5} (alternatively, we can use [101 Lemma 1.1]). If rankH = b, then all 
isotropy groups of the G-action have the same rank and Theorem 11.11 follows from 
[TSl Corollary 4.3]. From now on we will assume that 

(2) ranki? = 5-l. 

This implies that the quotient / H is odd-dimensional, that is, is an odd 
integer. By Proposition 13.11 (b). the homomorphism H*{BK~) H*{BH) is 
surjective. On the other hand, the Mayer- Vietoris sequence of the covering of M 
with two tubular neighborhoods around the singular orbits can be expressed as 
follows: 

. . . ^ H*a{M) HUG/K-) H*aiG/K+) H*a{G/H) ^ . . . 

But H^{G/K^) = H*{BK^) and H^{G/H) = H*{BH), hence the last map in 
the above sequence is surjective. Thus the Mayer- Vietoris sequence splits into short 
exact sequences of the form: 

(3) H*aiM) HUG/K-) H*aiG/K+) H^G/H) 0. 

We analyze separately the two situations imposed by equations ([IJ and . 
Case 1: rankX+ = b. By Proposition [lH both H^{G/K-) and H^{G/K+) are 
Cohen-Macaulay modules over H*{BG) of dimension 6, so by CoroUarv 12.41 the 
middle term Hq{G / K~) ® Hq{G / K^) in the sequence dH) is also Cohen-Macaulay 
of dimension b. Because Hq{G/H) is Cohen-Macaulay of dimension 6—1, we 
can apply Lemma [2.31 to the sequence ([3]) to deduce that b < depth H^{M) < 
dim Hq{AI) — b, which implies that Hq{M) is Cohen-Macaulay of dimension b. 
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Case 2: Y&vtkK^ = 6 — 1. In this case, H C A'+ are Lie groups of equal rank 
and therefore, by Proposition 13.11 (a), the canonical map H*{BK^) — > H*{BH) 
is injective. Exactness of the sequence ([3]) thus implies that the restriction map 
Hq{M) — > Hq{G / K~) is injective. We deduce that the long exact sequence of 
the pair (M, G/K^ ) splits into short exact sequences, i.e. the following sequence is 
exact: 

(4) H*a{M) H*c{G/K-) H*a{M, G/R-) 0. 

We aim to show that Hq{M,G/ K~) is a Cohen-Macaulay module over H*{BG) 
of dimension & — 1; once we have established this, we can apply Lemma 12.31 to the 
sequence (jU to deduce that Hq{M) is Cohen-Macaulay of dimension 6, in exactly 
the same way as we used the sequence ^ in Case 1 above. 

By excision, H^{M,G/K-) = i7*(G Xk+ D+,G/H), where G D+ is a 
tubular neighborhood of G/K^ and G/H — G 5+ is its boundary (i.e. 5+ is 
the boundary of D^). We have the isomorphism 

Hg{G Xk+ D+,G/H) = H*{EG xg [G Xk+ D+),EG xg (G Xk+ S+)) 
= H*{EG Xk+ D+,EG Xk+ S+) 

which is iJ*(i?G)-linear, where the * (_BG)-module structure on the right hand 
side is the restriction of the i?*(_BA'+)-module structure to H*{BG). Because 
H*{BK^) is a finitely generated module over H*{BG), it is sufficient to show that 
iJ^+(D+,5'+) is a Cohen-Macaulay module over H*{BK+) of dimension 6-1. 
Then Lemma [2.51 implies the claim, because the ring H*{BK^) is Noetherian and 
*local (by [TOl Example 1.5.14 (b)]). 

Denote by Kq the connected component oiK^. There is a spectral sequence con- 
verging to H*. {D+, S+) whose £;2-term equals H*{BK^)(i)H*{D+ , S+); because 

H*{D^, 5*+) is concentrated only in degree -t- 1, this spectral sequence collapses 
at E2, and it follows that H* + {D+,S+) is a free module over H*{BK+) (cf. e.g. [24} 

Lemma C.24]). In particular, it is a Cohen-Macaulay module over H*{BKq) of di- 
mension 6—1. Because H*{BKq) is finitely generated over H* (BK^), Lemma [^751 
implies that iJ* +(£)+, 5*+) is also Cohen-Macaulay over H*{BK^) of dimension 
6-1. 

A standard averaging argument (see for example [TBI Lemma 2.7]) shows that 
the H*{BK+)-Ttio<hx\e H^+{D+,S+) = H*^+{D+ , S+)^^ is a direct sum- 
mand oi H*{D+ , S+): we have H*{D+,S+) = H*{D+,S+) ekera, where 
a : (£>+, 5+) H*^+ (L)+, 5*+) is given by averaging over the K+ / -a.clion. 

It follows that H^+{D+,S+) is Cohen-Macaulay over H*{BK+) of dimension 6-1. 

□ 

Combining this theorem with Proposition l2.9[ we also immediately obtain Corol- 
lary O 

The following statement was shown in the above proof; we formulate it as a 
separate proposition because we will use it again later. 

Proposition 4.1. Whenever M/G = [0,1] andrankH = rankK^ — 1, the sequence 
^ is exact. 
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An immediate corollary to this proposition is the following Goresky-Kottwitz- 
MacPherson [20] type description of the ring Hq{M) (we denote by £^ and () the 
Lie algebras of , respectively H) . 

Corollary 4.2. If M/G = [0, 1] andiankH = rankii'~-l then H^{M) is isomor- 
phic to the S{q*)^ -subalgebra of S{{i^)*)^ ® S{{i'^)*)^^ consisting of all pairs 
(f,g) with the property that /|(, = g\tf 

We end this section with an example which concerns Corollary 11.21 It shows 
that if the cohomogeneity of the group action is no longer smaller than two, then 
the action is not necessarily Cohen-Macaulay. 

Example 4.3. The T^-manifold R{1, 0) appears in the classification of T^-actions 
on 4-manifolds by Orlik and Raymond 39 . It is a compact connected 4- manifold, 
homeomorphic to the connected sum (S*-^ x S^)4f{S^ x S^). The T^-action on 0) 
is effective, therefore of cohomogeneity two, and has exactly two fixed points. The 
action is not Cohen-Macaulay, because otherwise it would be equivariantly formal 
(as it has fixed points); as the fixed point set is finite, this would imply using 
Proposition [22] that i?°^'^(i?(l, 0)) = {0}, contradicting H^{R{1,0)) = M. 

5. Equivariantly formal actions of cohomogeneity one 

In this section we present some extra results in the situation when M/G — [0, 1] 
and the action G x M — > M is equivariantly formal. By Corollary 11.31 this is 
equivalent to the fact that the rank of at least one oi and is equal to the 
rank of G. 

5.1. The case when M is even-dimensional. 

5.1.1. Cohomogeneity- one manifolds with positive Euler characteristic. A discus- 
sion concerning the Euler characteristic of a compact manifold (of arbitrary dimen- 
sion) admitting a cohomogeneity one action of a compact connected Lie group can 
be found in [3l Section 1.2] (see also [15l Section 1.3]). By Proposition 1.2.1 therein 
we have 

(5) x{M) = x{G/K-)+x{GlK+)-x{GlH). 

The Euler characteristic x(^^) is always nonnegative, and one has x(il/) > if and 
only if M/G = [0, 1], M is even-dimensional, and the rank of at least one of 
and K'^ is equal to rankG, see [3] Corollary 1.2.2]. What we can show with our 
methods is that x(A/) > implies that H°'^'^{M) = {0}. 

Proposition 5.1. Assume that a compact connected manifold M admits a cohomo- 
geneity one action of a compact connected Lie group. Then the following conditions 
are equivalent: 

(i) x{M) > 0, 

(ii) H°'^'^{M) = {0}, 

(iii) M is even- dimensional, M/G = [0,1], and the G-action is equivariantly 
formal. 

These conditions imply that 

(6) dimH*{M)=xiM)^x{G/K-)+x{G/K+). 
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Proof. The equivalence of (i) and (iii) follows from the previous considerations and 
Corollarv 11.31 Let us now assume that x(Af) > 0. Then (iii) holds: consequently, 
ranki? = rankG — 1 and the space M^ax is either G/K~, G/K^ or their union 
G/K^ U G/K^ . A maximal torus T C G therefore acts on M with fixed point 
set equal to [G/R-)'^, {G/K+Y or (G/R-)^ U {G/R+Y, depending on the 
rank of R~ and R^ . As M'^ is in particular finite, the equivariant formality of 
the G-action is the same as the condition H°'^'^{M) = {0} (see Proposition 12. 2|) . 
and (ii) follows. The last assertion in the corollary follows readily from Equation 
®. □ 

Remark 5.2. Note that by the classical result of Hopf and Samelson [30] concerning 
the Euler-Poincare characteristic of a compact homogeneous space, along with the 
formula of Borel given by Equation (O below, the topological obstruction given by 
the equivalence of (i) and (ii) holds true also for homogeneity, i.e., the existence of 
a transitive action of a compact Lie group. 

We remark that the equivalence of (i) and (ii) is no longer true in the case 
when M only admits an action of cohomogeneity two. Consider for example the 
cohomogeneity two T^-manifold -R(l, 0) mentioned in Example l4.3l since it is home- 
omorphic to {S^ x S^)^{S^ x S"^), its Euler characteristic is equal to 2, and the 
first cohomology group is M. 

Remark 5.3. The Euler characteristics of the nonregular orbits appearing in Equa- 
tion ^ can also be expressed in terms of the occurring Weyl groups: we have 

x{G/R^) 7^ if and only if rankiC^ = rankG, and in this case x{G/R^) = 

W(G)\ 
\W{K±)\- 

Remark 5.4. By a theorem of Grove and Halperin [22] , if M admits a cohomogeneity- 
one action, then the rational homotopy tt, (M)CS)Q is finite-dimensional. This result 
also implies the equivalence between x(-^) > ^^id H°'^'^{M) = 0, as follows: If 
xiM) > 0, then one can show using the Seifert-van Kampen theorem that 7ri(Af) 
is finite, see Lemma [5.51 below. Therefore the universal cover of M, call it M, is 
also compact, and carries a cohomogeneity one action with orbit space [0, 1]. The 
theorem of Grove and Halperin then states that M is rationally elliptic. Since the 
covering M M is finite, we have xi^) > 0: ^-nd by [IHl Corollary 1] (or [HJ 
Proposition 32.16]), this implies H°'^'^{M) = {0}. But M is the quotient of M by 
a finite group, say F, hence H°'^'^{M) = H°'^'^{M f = {0}. 

Note that by Proposition [221 this line of argument also implies that the G-action 
is equivariantly formal, and hence provides an alternative proof of Corollarv II. 31 in 
the case of an even-dimensional cohomogeneity-one manifold AI with M/G — [0, 1]. 

Lemma 5.5. Assume that a compact connected manifold M admits a cohomo- 
geneity one action of a compact connected Lie group. If x{M) > then 7ri(M) is 
finite. 

Proof. We may assume that rankisT" = rankG. Consider the tubular neighbor- 
hoods of the two non-regular orbits G/R^, respectively G/R~ mentioned before: 
their union is the whole M and their intersection is G-homotopic to a principal 
orbit G/H. The inclusions of the intersection into each of the two neighborhoods 
induce between the first homotopy groups the same maps as those induced by 
the canonical projections p+ : G/H — >• G/R~^, respectively p~ : G/H — >• G/R~ 
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(see [281 Section 1.1]). These are the maps p+ : Tri{G/H) — > tti{G/ K'^) and 

p- : TTi{G/H) -> Tii{G/K-). Consider the bundle G/H GjR- whose fiber is 
K~ /H = of odd dimension = dim if ~ — dimii > 1. The long exact homo- 
topy sequence of this bundle implies readily that the map p~ is surjective. From the 
Seifert-van Kampen theorem we deduce that 7ri(M) is isomorphic to 7ri(G/A'+)/^, 
where A is the smallest normal subgroup of ■ki{G / K^) which contains p'^ {kev p^) 
(see e.g. [37l Exercise 2, p. 433]). 

Case 1: dim if"*" — d\mH > 1. As above, this implies that /?+ is surjective. Conse- 
quently, the map tti{G/K~) = Tri{G / H) / kcr p^ — > ni{G/K^)/A induced by p+ is 
surjective as well. On the other hand, rankG = rank if ^ implies that ni{G / K~) 
is a finite group. Thus, 'Ki{G / K^) / A is a finite group as well. 
Case 2: dim if"*" = dim ii. We have /H — 5"°, which consists of two points, 
thus p^ is a double covering. This implies that p'^ is injective and its image, 
pti'^i{C'/H)), is a subgroup of index two in 7ri(G'/A'+). The index of p+(kerp~) 
in /3+(7ri (G/ii)) is equal to the index of kerp" in 7ri(G/ii), which is finite (being 
equal to the cardinality of 7ri(G/if~)). Thus, the quotient 7ri(G/if+)/p+(kerp~) is 
a finite set. Finally, we only need to take into account that the canonical projection 
map TTi (G/is:+)/p+(kerp-) ^ ni{G/K+)/A is surjective. □ 

Remark 5.6. Assume again that M/G — [0,1] and M is even-dimensional. If M 
admits a metric of positive sectional curvature, then at least one of K~ and 
has maximal rank, by the so-called "Rank Lemma" (see [21] Lemma 2.5] or [23l 
Lemma 2.1]). By Corollary 11.31 and Proposition 15.11 the G-action is equivariantly 
formal and H°'^'^{M) = {0}. This however is not a new result as by Verdiani [47) . 
M is already covered by a rank one symmetric space. 

5.1.2. Cohomology. Consider again the situation that M is a compact even-dimen- 
sional manifold admitting a cohomogeneity one action of a compact connected Lie 
group G such that MjG — [0, 1] and that at least one isotropy rank equals the rank 
of G. In this section we will give a complete description of the Poincare polynomial 
of M, purely in terms of G and the occurring isotropy groups, and eventually even 
of the ring H*{M). 

Proposition 5.7. If M is even-dimensional, M/G — [0, 1], and the rank of at least 
one of and equals the rank of G, then the Poincare polynomial of M is 
given by 



In particular, Pt{M) only depends on the abstract Lie groups and not 

on the whole group diagram. 

Proof. Assume that rank if ^ = rankG. Since the pincipal orbit G/H is odd- 
dimensional, and rank ii G {rankif ^, rankif ^ ~ 1} (see Proposition 13. 1|) . we ac- 
tually have rank ii = rank if ~ — 1. Hence by Proposition 14.11 the Mayer- Vietoris 
sequence ([3]) is exact, which implies that the G-equi variant Poincare series of AI is 



(M) = P^{G/K-)+Pp{G/K+)^P^{G/H) = Pt{BK-)+Pt{BK+)-Pt{BH). 



Pt{M) 



PtjBK-) + Pt{BK+) - PtjBH) 
Pt{BG) 



We only need to observe that, since the G-action on M is equivariantly formal. 
Proposition [O (b) implies that (Ai) = Pt{M) ■ Pt{BG). □ 
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Remark 5.8. In case H is connected, the above description of Pt{M) can be simpli- 
fied as follows. Assume that lankK^ = rankG. Then ranki? = rankX^ — 1, and 
we have that K~ / H = S^^ is an odd-dimensional sphere. Consequently, the Gysin 
sequence of the spherical bundle /H BH — > BK" splits into short exact 
sequences, which implies readily that Pt{BH) = (1 —t^-^^)Pt{BK^). Similarly, if 
also the rank of K+ is equal to the rank of G, then Pt{BH) = (1 - f++^)PtiBK+) 
and we obtain the following formula: 



; Pt{BG)' 

Numerous examples of cohomogeneity one actions which satisfy the hypotheses of 
Proposition IS . 7l can be found in [3] and |15j (since the condition on the isotropy ranks 
in Proposition 15 . 71 is equivalent to xi^) > 0: see Proposition IS. Proposition 15. 71 
allows us to calculate the cohomology groups of AI in all these examples. We will 
do in detail one such example: 

Example 5.9. Table 4.2, line 5]) We have G = S0{2n + 1), R- = S0{2n), 
K+ = SO{2n - 1) X SO{2), and H = SO{2n - 1). The following can be found in 
[3i Ch. Ill, Theorem 3.19]: 

Pt{BSO{2n + l))= 



(l-t4)(i_t8)...(l-t4„)- 

We have (.^ = 2n — 1 and ^+ = 1, and consequently, using Remark 15.81 we obtain 
the following description of the Poincare series of the corresponding manifold M: 

Let us now use equivariant cohomology to determine the ring structure of H*{M) 
in the case at hand. In Corollarv l4.2l we determined the 5(g*)'^-algebra structure of 
Hq{M), and because of Proposition lOl ( c) . the ring structure oi H*{AI) is encoded 
in the S'(g*)*^-algebra structure. The following proposition follows immediately. 

Proposition 5.10. If M is even- dimensional, M/G — [0,1], and the rank of at 
least one of K~ and equals the rank of G, then we have a ring isomorphism 

where A is the S{q*)^ -suhalgehra of S{{i^)*)^^ ®S{{i'^)*)^* consisting of all pairs 
{f,g) with the property that f\^ — g\^. 

Remark 5.11. Recall that the cohomology ring of a homogeneous space G/K where 
G,K are compact and connected, such that rankG = rankiiT, is described by 
Borel's formula [7] as follows: 

(7) i/*(G/if)^M®5(,.)o5(r)^. 

The above description of the ring H*{M) can be considered as a version of Borel's 
formula for cohomogeneity one manifolds. 

Equation ([7|) is particularly simple in the case when K — T, a, maximal torus in 
G. Namely, if i is the Lie algebra of T and W(G) the Weyl group of G, then 

H*{G/T)c^S{t*)/{S{i*)>o^'''^), 
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where (S'(t*)>o ) is the ideal of S{t*) generated by the non-constant W{G)- 
invariant polynomials. The following example describes the cohomology ring of 
a space that can be considered the cohomogeneity one analogue of G/T. It also 
shows that the ring H*{M) depends on the group diagram, not only on the iso- 
morphism types of G, K^^ and i?, like the Poincare series, see Proposition 15.71 
above. 

Example 5.12. Let G be a compact connected Lie group, T a maximal torus 
in G, and H C T a codimension one subtorus. The cohomogeneity one manifold 
corresponding to G, = := T, and H is AI = G S*^, where the action 
of T on S'^ is determined by the fact that H acts trivially and T/H acts in the 
standard way, via rotation about a diameter of S^: indeed, the latter T- action has 
the orbit space equal to [0, 1], the singular isotropy groups both equal to T, and 
the regular isotropy group equal to H; one uses [28l Proposition 1.6]. Let () be the 
Lie algebra of H and pick v G i such that i = () © M.v. Consider the linear function 
a : t — 7> M along with the action of Z2 = {1,-1} on t given by 

a{w + rv) = r, (— l).(w + rv) = w — rv, 

for all w G f) and r G M. We denote the induced Z2-action on S{t*) by (—1)./ =: /, 
for aU / e S{t*). Corollary induces the H*{BG) = 5(t*)^('^)-algebra isomor- 
phism 

ir£(M)~{(/,5)e5(t*)®5(t*) : a divides /- 5}, 

and the right hand side is, as an S'(t*)-algebra, isomorphic to H^{S^), where the 
T-action on 5^ is the one described above. Note that T/H can be embedded as a 
maximal torus in 5*0(3), in such a way that the latter group acts canonically on S*^ 
and induces the identification S'^ = {H x SO{3))/T. We apply [25l Theorem 2.6] 
for this homogeneous space and deduce that the map S{t*)($ig(^^,-^i.2 S{t*) — > Hq{M) 
given by fi® f2 ^ (/1/2, /1/2) is an isomorphism of 5(1*)^*^ '^-'-algebras, where the 
structure of 5(t*)^(<=^)-algebra on 5(t*) ®s(i')^2 S{i*) is given by inclusion into the 
first factor. By Corollarv 14.21 fb). we have the ring isomorphism 

H*{M)^^®s(i^)«io, {S{e)®s(i')-2 S{e)) - (5(t*)/(5(t*)^o(^))) ®sin-2 S{i*). 

To obtain descriptions in terms of generators and relations we need an extra variable 
u with degM = 2 and also a set of Chevalley generators [11] of 5'(t*)^, call them 
/i, . . . , /fc, where k := rankG. We have: 

H*c.{M) = S{e) ® MM/(a2 - H*{M) = 5(t*) ® m.[^]/{a^ - u\ /i, . . . , /,.). 

Let us now consider two concrete situations. For both of them we have G = J7(3) 
and T is the space of all diagonal matrices in L/(3); the role of H is played by 
the subgroup {Diag(l, Z2, -23) '■ |^2| = — 1} in the first situation, respectively 
{Diag(zi, 2:2, 2:3) : \zi\ = \z2\ — l^sj = 1,212223 — 1} in the second. If we denote 
the corresponding manifolds by Mi and Af2, then 

H*{Mi) ~ R[xi, X2, xs, u]/ {x\ — u^, xi+ X2+ xs, a;iX2 -|- xiXz + 2:2X3, a;ia;2a;3) 

and 

H*{M2) ~ R[xi,X2,X3,u]/ {y?,xi + X2+ X3,xiX2 + X1X3 + X2X3,xia;2X3}. 
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We observe that, even though H*[Mi) and H*[M2) are isomorphic as groups, by 
Proposition 15 . 71 they are not isomorphic as rings. Indeed, we write 

H*{Mi) ~ W(Xi,X2,u]/ {xl -v?,x\+x\ + 2:1X2, xia:2(a;i + X2)) 

and 

H*{M2) ~ M.[xi,X2, u]/{u'^, x\+x\+ a;iX2, a;iX2(a;i + X2)) 

and note that H*{Mi) does not contain an element of degree 2 and order 2. 

5.2. The case when AI is odd-dimensional. Assume we are given a cohomo- 
geneity one action of a compact connected Lie group G on a compact connected 
odd-dimensional manifold M such that M/G — [0,1], with at least one isotropy 
group of maximal rank. This time the principal orbit G/ H is even-dimensional, 
hence the ranks of G and H are congruent modulo 2. By Proposition 13.11 the rank 
of H differs from the singular isotropy ranks by only at most one; consequently, 
rankiJ — rankG, i.e. all isotropy groups of the G-action have maximal rank. (Note 
also that conversely, rankiJ = rankG implies that M is odd-dimensional.) 

The applications we will present here concern the Weyl group associated to the 
cohomogeneity one action of G. To define it, we first pick a G- invariant metric on 
M . The corresponding Weyl group W is defined as the G-stabilizer of the geodesic 
7 modulo H. We have that is a dihedral group generated by the symmetries 
of 7 at 7(0) and 7(1). It is finite if and only if 7 is closed. (For more on this 
notion, see [23l Section 1], [48l Section 1], and the references therein.) In the case 
addressed in this section we have the following relation between the dimension of 
the cohomology of M and the order of the occuring Weyl groups: 

Corollary 5.13. If M/G = [0, 1] and ranki/ = rankG, then W is finite and 

X{G/H) 



dim H*{M) = 2 



Proof. Let T be a maximal torus in H, which then is automatically a maximal 
torus in , and G. We wish to understand the submanifold M-^ consisting 

of the T-fixed points. To this end, note that for each p S M'^ , the T-action on 
the orbit Gp has isolated fixed points, hence the T-action on the tangent space 
Tp{Gp) has no fixed vectors; if p is regular, then i>p{Gp) is one-dimensional, hence 
T must act trivially on it. Therefore, M"^ is a finite union of closed one-dimensional 
totally geodesic submanifolds of M, more precisely: a finite union of closed normal 
geodesies. The geodesic 7 is among them and therefore closed; hence, W is finite. 

The order of the Weyl group has the following geometric interpretation, see 
again ;23i Section 1] or |48l Section 1] : the image of 7 intersects the regular part of 
M (i.e., M\{G/ UG/ K^)) in a finite number of geodesic segments; this number 
equals \ W\. Note that each such geodesic segment intersects the regular orbit G/H 
in exactly one point, which is obviously in [G/H)^ . Consequently, W{G) acts 
transitively on the components of M-^, hence each of the components of M'^ meets 
G/H equally often. This yields a bijective correspondence between (G/H)'^ and 
the components of \ {G/K~ U G/K+). The cardinality of {G/H)"^ is equal to 
x{G/H) and we therefore have 



(8) xiG/H) = \W\ ■ (number of components of AF). 
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As each component of Af is a circle and therefore contributes with 2 to dim H* [M^], 
we obtain from Proposition 12. II (e) that 

dimi7*(A/) = dim iJ*(M^) 

= 2 • (number of components of M"^) 

\w\ ■ 

□ 

Remark 5.14. If G x M Af is a cohomogeneity one action, then different choices 
of G-invariant metrics on M generally induce different Weyl groups (see for instance 
[23 ^. Section 1]). However, if the action satisfies the extra hypothesis in Corollary 
15.131 then the Weyl group depends only on the rational cohomology type of M and 
the principal orbit type of the action. In particular, W is independent on the choice 
of the metric, but this is merely due to the fact that even the normal geodesies do 
not depend on the chosen G-invariant metric (being just the components of Af-^, 
as the proof of CoroUarv 15.131 above shows). 

Remark 5.15. In the special situation when M has the rational cohomology of a 
product of pairwise different spheres, the result stated in Corollary 15.131 has been 
proved by Piittmann, see [HI Corollary 2] . 

Let us now consider the case when M is a rational homology sphere. Examples 
of cohomogeneity one actions on such spaces can be found in [23j (see particu- 
larly Table E, for linear actions, and Table A for actions on the Berger space 
S'0(5)/S'0(3) and the seven-dimensional spaces P^); the Brieskorn mani- 
fold iy2n-i(^) ^-^^Yi d odd and the 50(2) x SO{n) action defined in [32] is also 
an example; finally, several of the 7-dimensional Z2-homology spheres that ap- 
pear in the classification of cohomogeneity one actions on Z2-homology spheres by 
Asoh [U [5] are also rational homology spheres. As usual in this section, we as- 
sume that rankH = rankG. Under these hypotheses, CoroUarv 15. 131 implies that 
\W\ = x{G/H). In fact, the latter equation holds under the (seemingly) weaker 
assumption that the codimensions of both singular orbits are odd, as it has been 
observed in f^Tl, Section 1]. Combining this result with Corollary 15.131 we have: 

Corollary 5.16. Let G act on M with cohomogeneity one, such that M/G = [0, 1] 
and let H be a principal isotropy group. The following statements are equivalent: 

(i) M is a rational homology sphere and ranki? = rankG. 

(ii) M is a rational homology sphere and the codimensions of both singular orbits 
are odd. 

(ill) \W\=x{GIH). 

In any of these cases, the dimension of M is odd and the G-action is equivariantly 
formal. 

Let us now observe that for a general cohomogeneity one action with M /G = 
[0,1], the Weyl group is contained in N{H)/H. The previous results allow us 
to make some considerations concerning whether the extra assumption rankG = 
rankiJ implies that W ~ N{H)/H. The following example shows that this is not 
always the case. 

Example 5.17. Let us consider the cohomogeneity one action determined by G = 
SU{3), K- = K+ = S{U{2) X 17(1)), and H = T, a maximal torus in K^. 
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Hoelscher [29] denoted this manifold by Nq and showed that it has the same integral 
homology as CP^ x S'^. This implies that A\mH*{NQ) = 6. On the other hand, 
X{G/H) = x{SU{3)/T) = 6, hence by Corollary Ell \W\ = 2. Since N{H)/H = 
N{T)/T = W{SU{?,)) has six elements, we have W ^ N{H)/H. 

However, it has been observed in |23[ Section 5] that for linear cohomogeneity one 
actions on spheres, the condition rankG — rankiJ does imply that W — N{H)/H. 
The following more general result is an observation made by Piittmann, see |41[ 
Footnote p. 226]. We found it appropriate to include a proof of it, which is based 
on arguments already presented here. 

Proposition 5.18. (Piittmann) Let G act on M with cohomogeneity one, such 
that M/G = [0, 1] and let H he a principal isotropy group. If x{G / H) = \W\ then 
W = N{H)/H. 

Proof. We only need to show that N{H)/H is contained in W. The hypothesis 
x{G/H) > implies that rankG = ranki?, hence G/H is even-dimensional and 
M is odd-dimensional. Let T be a maximal torus in H. By Equation ([5]), 
consists of a single closed geodesic 7. The group H fixes the geodesic 7 pointwise. 
Consequently, any element of N{H) leaves M'^ invariant, hence its coset modulo 
H is an element of W^. □ 

The following example shows that the condition x{G/H) — \W\ is stronger than 
W = N{H)/H. 

Example 5.19. In general, rankG = rankiJ and W = N{H)/H do not imply that 
x{G/H) = \W\. To see this we consider the cohomogeneity one manifold deter- 
mined by G = Sp{2), K~ =K+ = Sp{l) x H = Sp{l) x S0{2). Its integer 
homology has been determined in [29l Section 2.9]: the manifold, denoted there by 
NJ , has the same homology as the product S^xS'^. Consequently, dim H* (Nj) — 4. 
An easy calculation shows that x(G/iJ) = \W{Sp{2))\/{\W{Sp{l))\-\W{SO{2))\) = 
4. By Corollary EH \W\ = 2, hence x{G/H) ^ \W\. On the other hand, the 
group N{H) can be determined explicitly as follows. We regard Sp{2) as the 
set of all 2 X 2 quaternionic matrices A with the property that A ■ A* — I2 and 
H = Sp{l) X SO{2) as the subset consisting of all diagonal matrices Diag((7, 2;) 
with q E M, z G C, \q\ — \z\ — 1. Then N{H) is the set of all diagonal matrices 
Diag(g, r), where q,r e M, \q\ ^ \r\ ^ 1, r e Nsp(i)iS0{2)). This implies that 
N{H)/H ~ Nsp{i){SO{2))/SO{2) = W{Sp{l)) = Z2, hence N{H)/H = W. 

5.3. Torsion in the equivariant cohomology of cohomogeneity one actions. 

It is known |17j that if G x M — > M is an arbitrary group action, then the H*{BG)- 
module Hq{M) may be torsion-free without being free. (But note that this cannot 
happen if G is either the circle or the two-dimensional torus T^, see [1].) The 
goal of this subsection is to show that this phenomenon also cannot occur if the 
cohomogeneity of the action is equal to one. This is a consequence of the following 
lemma. 

Lemma 5.20. Assume that the action of the compact connected Lie group G on 
the compact connected manifold M is Cohen- Macaulay. Then the H*{BG)-module 
Hq(AI) is free if and only if it is torsion-free. 

Proof If H^{M) is a torsion-free H* {BG)-modu\e, then, by [H Theorem 3.9 (2)], 
the space M^ax is non-empty. Since the G-action is Cohen-Macaulay, it must be 
equivariantly formal by Proposition l2.9l □ 
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From Theorem II .11 we deduce: 

Corollary 5.21. Assume that the action G x M M has cohomogeneity one. 
Then the H* {BG)-module Hq{M) is free if and only if it is torsion-free. 
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